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The General Formulae of 
Moment- Distribution and Their 
Application to Space Frames. 
BY DINO ANTHONY MORELLI, B.E. 
Student.* 
Summary.-The maj or publications on the subject are reviewed 
briefly, with consideration of the degree of generality achieved. The 
fundamental equations of the general case are then derived by a short 
and simple analytical procedure, which leads to the recognition of the 
analogy between the moments at a j oint and the ellipsoid of stress. 
The general formulae are reduced by substitution to give the 
much smaller equations for a common case, and an example is worked 
out in full. The results of an investigation of the maximum stresses. 
in a polygonal frame are presented graphically. 
An experimental check of the analysis serves to provide a physical 
proof of the value of the formulae. 
INTRODUCTION. 
It has been assumed in the following pages, that the 
reader has a working knowledge of the elementary pro­
cedure in moment distribution. Those unfamiliar with the 
fundamental principles of the method should refer to, 
either the original paper by Hardy Cross,<1> or the book 
by Cross and Morgan. <2> A very brief indication of the 
method is given later in the present paper. 
The author has concentrated on the amplification of 
the simple theory to make it apply to more complex pro­
blems, avoiding thereby the analytical quagmire in the 
classical approaches to a solution. However, a certain 
amount of algebra is unavoidable, as expressions must 
be derived for the properties used in the distribution. 
Vector methods and notation are used for this purpose 
in the text of the paper. The particular case given by equa­
tions (29) to (36) has also been treated by the method of 
least work. The least work analysis involves 'considerable 
labour which is eliminated by using vector displacements. 
Intermediate steps in reduction of formulae have 
been retained, where necessary for clarity, and the formulae 
themselves are simple. Tables and curves are used gener­
ally to illustrate deductions or to record data. 
PREVIOUS INVESTIGATIONS. 
Since the publication, in 1929, of the original paper<1> 
on this subject, distribution methods of analysing continuous 
frames have become increasingly popular. R. V. South­
well has contributed the relaxation method of analysis<3> 
which is applicable to cross-braced frames, with or without 
rigid joints, and a variety of other problems encountered, 
in engineering practice. 
Besides these two major developments many papers 
have appeared which demonstrate " short cut " methods, 
*This paper, No. 683, originated in the Brisbane Division of The Institution 
(1) "Analysis of Continuous Frames by Distributing Fixed-End Moments,; 
-Hardy Cross. Am. Soc, C.E.-Trans., Vol. 96, 1932, p, 5, 
(2) " Continuous Frames of Reinforced Concrete "-Hardy Cross and N. D. 
Margan. John Wiley and Sons, New York, 1932, p, 117. 
(3) " Stress Calculation in Frameworks by the Method of Systematic Re­
laxation of Constraints "-R. V. Southwell, Proc. Roy. Soc., A.-·I and II, Vol. 151, 
1935, p. 56 and III, Vol. 153, 1936, p. 41. 
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or apply the fundamental notion of converging approxima­
tions to structures of various degrees of complexity. 
The original paper(ll dealt with moment distribution 
and the allied shear distribution, in one plane only, and no 
attempt was made to extend it to space frames. Paul 
Andersen(4l used the method, following a suggestion from 
Hardy Cross, (2l to determine the stresses in a simple three­
dimensional structure of the type shown in Fig. I (full lines). 
Here moments occur in two planes and torsion is involved. 
However, the moments can be treated as two distinct 
plane systems completely independent of each other. 
If now a force is introduced in the direction of the 
dotted arrow in Fig. 1, moments are induced in the plane 
zx and the sway in the direction of z, causes moments in
the plane yz. Provided the sway is the same for both
portals of the frame, the zx moments will not be affected by
the displacement. If the side sway is not symmetrical, 
the yz and zx moment systems will not be independent.
y 
x 
Fig. 1. 
The solution can still be obtained by ordinary methods, 
with only a slight increase in the amount of work. 
An elaborate example involving this difficulty was 
worked out by J. C. Richards(5l to illustrate the application 
of the relaxation method. (3l Account was also taken of 
the direct stress effects, which, however, were found to 
be negligible. 
As soon as departure is made from the purely quad­
rangular space frames, complications multiply. Moments 
occur in all three co-ordinate planes, and the relaxation of 
one joint in one plane induces moments in three planes at 
both ends of each member. Nine carry-over factors and six 
joint adjustments are possible in the general case, and five 
carry-over factors and two joint adjustments in the two­
dimensional problem. Once these operators are known 
the solution resolves itself into a relatively simple routine 
(4) "Design of Reinforced Concrete in Torsion "�Paul Andersen, Am. Soc. C.E.-Trans., Vol. 103, 1938, p. 1503. 
(S) " Stress Determination for a Three Dimensional Rigid-jointed Framework" 
-J.C. Riehards-Jour. Inst. C.E. Paper No. 5091, 1937· 
(I) Joe. eit. 
(2) Joe. cit. 
(3) loe. cit. 
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procedure, which requires a knowledge of arithmetic and 
the slide rule only. 
Even so, the presence of such a large number of opera­
tors for each member would make the work extremely 
long. Fortunately, however, those members of a particular 
Fig. 2. 
structure which have a full set of operators, are relatively 
few and the analysis remains practicable. Furthermore, 
by taking full advantage of symmetry the amount of work 
can often be reduced by one half, and sometimes by three­
quarters without losing a(.curacy. 
THE PRESENT PROBLEM. 
As an example consider the supporting frame of a 
water tank,* shown in Fig. 2. 
At the top and bottom the columns frame into slabs 
and the degree of fixity is uncertain. However, for the 
purpose of estimating wind stresses, they could be taken 
as fixed or partly fixed without - introducing additional 
difficulty. Under a non-central horizontal load P at the
top, moments will occur in all three co-ordinate planes, and 
because of the polygonal plan the three sets will be inter­
dependent. 
*The present paper arose out of an attempt to determine the stresses in this 
structure under wind load and various vertical loads. 
IL 
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In practice certain simplifications can be introduced 
without appreciable error :-
(1) Deformations due to direct stress may be neglected.
(2) Since the top and bottom slabs cannot distort appreciably, 
stresses due to primary distortion of the plan are absent. 
(3) Secondary distortion of the plan will occur at the levels
of the bracing, but with the usual proportions of such 
structures, the amount will be small. It can be considered 
if necessary, but several cases investigated show that the 
resultant stresses are negligible. 
(4) The eccentric force, P, can be replaced by a central force
and a couple. Each of these systems can be analysed in 
turn and the results superposed. 
(5) For the central load, P, only one half or one quarter of the
structure need be analysed. 
(6) Torsion is not important except in special cases. It is 
treated in Appendix II. 
Under these circumstances the analysis is limited to 
two dimensions, with moments in the xy and yz planes.
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NOTATION. 
breadth of section 
carry-over factor (general) 
depth of member 
Young's Modulus 
. 'd· E f E £ 1 ng1 Jty "'-' z.25 or concrete, �  2.6 or stee 
a subscript meaning " flexural ."
a subscript denoting " inclined plane ." 
7Td· moment of inertia for bending = 64 for a 
cular section 
cir-
polar moment of inertia rrd• for a circular sec -32 
tion 
joint adjustment (general) 
stiffness (general) 
ratio of stiffness of a brace to the stiffness of the top 
floor column 
length of member 
moment (general) 
load 
reaction (general! 
h 'ff 24El ,. .,, s ear stl ness = L• 1or um1orm members 
torsion factor = Ir> for circular section
also a subscript denoting torsion 
fixed co-ordinate axes 
moving axes 
an angle 
angular displacement due to moments 
unit vectors along ox, oy, oz, respectively 
Many of the above symbols occur with subscripts and are then 
defined by the figures or the context. Double subscripts read thus : 
Jx,, = J from x to y. 
DEFINITIONS. 
Moment stiffness (Ki) is defined as the value of the 
couple which, when applied to one end of a member, will 
rotate the plane of application through unit angle in the 
direction of the couple, the other end of the member being 
fixed and all other displacements being prevented. 
GENERAL FORMULAE OF MOMENT DISTRIBUTION. 5 
When the plane of the couple contains the neutral 
axis of the member and one of the principal axes of inertia 
of the cross-section the moment stiffness becomes the 
flexural stiffness* and is given by 
J(F = 4fJ . ..................................................... (!) 
When it is at right �ngles to the neutral axis it becomes the 
torsional stiffness given by 
KT = ELT ...................................................... (2)
For a circular section 
T = Iv rrd4 
32 ................................................ (3) 
For a rectangular section (•l where � < i d 
T b3d3 .......................................... (4) 3.58 (b2 + d2) 
b When d > 2 use
T = b": ( 1 - o.63D .................................... (5)
The shear stiffness of a column is the horizontal force 
required to displace its ends unit distance relative to one 
another, the ends being direction-fixed. It is given by 
s = 21�[ ................ ........... ............ ...... ... . ... .. (6)
The carry-over factor is the moment induced in some 
plane at the fixed end of a member, by a unit couple applied 
at the free end, displacement being allowed only in the 
direction of the applied couple. 
Every couple may have three carry-over factors one 
for each co-ordinate plane. For the particular case of a 
uniform member, 
in torsion only C = -I 
in bending only C = � 
The joint adjustment (J) is the moment induced, in 
another co-ordinate plane but at the free end of the member, 
by a unit couple, applied at the free end, the other end 
y 
x 
I 
/ 
Fig. 3. 
*Unsymmetrical bending phenomena are presumed not to exist as the members 
are generally of regular cross-section. 
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of the member being fixed and displacement being per­
mitted only in the direction of the applied couple. 
Two joint adjustments are possible for every couple, 
one in each of the remaining co-ordinate planes. 
SIGN CONVENTIONS. 
A right-handed system of rectangular co-ordinates 
is used throughout. 
A right-handed rotation as defined by the " corkscrew " 
rule is positive. 
Moments are positive if they tend to produce positive 
rotation of the joint. Thus in Fig. 3, Mx, My and Mz 
are positive, the joint considered being the origin 0. 
Moment and rotation vectors are also defined by the 
" corkscrew " rule ; the axial travel of the " corkscrew " 
for right-hand turning defines the magnitude and direction ; 
e.g. in Fig. 3, M x = + I  would be represented by one pitch
--+ 
of the screw measured along OX. 
STIFFNESS OF A MEMBER IN ANY PLANE. 
The member OA shown in Fig. 4 frames into a joint 
at 0, and 0 is taken as the fixed end. The direction
xfllM. 
Fig. 4. 
cosines of OA are /3m3n3, and its original position is OZ. 
The moving system of axes ox', oy', oz' is fixed by the
principal axes of inertia of the cross-section of OA. The 
quantities associated with them are given in Table I. 
TABLE I 
Quantity ox' oy oz' 
Stiffness Ki K2 Ka 
Direction Cosines /1 m1 n1 /2 m2 n2 /3 mo n, 
Moments M1 M2 Ma 
Carry-over Factors C1 C2 c. 
Moments M1, M2, and M3 in the directions ox', oy' 
and oz', are assumed to exist. They produce rotations
shown in the figure <!>1, <1>2, cf>3, respectively. From the
definition of stiffness 
M2 -
K/ <Pa 
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and the resultant rotation 
- M Mo 
IJ>r =-1 + __- .................................... (7) - K, K2 
Resolving '1>.,. in the directions ox, oy, oz, then 
- A 
}
IJ>r-i tJ> x 
IJ>r.J = <Py . . . . . • • • • • . . . . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . .  (8) 
q;) = <Pz 
Substituting from (7) and evaluating the dot-products then 
M,1 M21 M"l 
}
K, · 
1 + K; 2 + K; s 
= <Px 
'i:; .m1 + �:·m2 + �:.m" = <PY . • . . . . . . . . . . . . . . . .  (9) 
M1 M2 M3 
K, .n
, + K;n• + Ka·
ns = <Pz 
Equations (9) are very important as they epitomise 
the relationship between the moments on the member and 
the displacements of the joint. 
The determinant of the system (9) is 1 1, z. z. 
ID = m1 m2 m3 = ± 1 n1 n2 n3 
In the case under discussion the negative sign has no 
significance. To find the value of K;x, which is the stiffness
in the plane yz, there should be written <!> x = I, <Py = <!> z 
= 0 (by definition).
S0lving for 'i::' 'i:: and 'i:: there is found 
M1 M2 ( ) M3 ( ) 
K, 
= (m2n3 - m"n2) ,  
K, 
= m3n1 - mi.n3 , K3 
= m1n2 - m2ni. 
and by a known theorem the right hand sides are l" l2 and 13 respec­tively so 
M1 = K,Z, M2 = K,l., M3 = K3l3 • • • • • • • • • • • • • • • . • • . . . • • .  (10) 
Since these moments, when co-existing at A, 
satisfy <P x = 1, <Py = <P z 0, then 
and 
and 
(M, + M, + Ma).i = K;,, 
(M, + M, + Ma) .} = Jxy·Kix 
(M1 + M2 + Ms).k = Jxz·Kix 
From these, after reduction the following formulae for stiffnesses 
and joint adjustments are obtained : 
K;x = K,!12 + K,122 + Kala" ................................. (11) 
and analogously 
K;y 
K;z 
Jxy 
Jxz 
Jyz 
Jyx 
and 
Jzz 
J.y 
K1m12 + K2m22 +Kama" . . . . . . . . . . . . . . . . . . . . . . . . . . .  (12) 
K1n12 + K2n.2 +Kana" . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. (13) 
;. (K1Z1m1 + K2l2m2 + Kal3m0) • • • • • • • . • • • • • • • • • •  (14) "" 
I 
K (K1Z1n1 + K2Z2n2 + K3lan3) • • • . . . . • . • • • . • • • • •  (15) " "  
I 
K (K1m1n1 + K2m2n2 + Kaman a) . . . . . . . . . . . . . . . .. . (16) 
iY 
I 
K (K1m1l1 + K2m2l2 + K3m3la) . . . . . . . . . . . . . . .. . .  (17)lY 
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THE CARRY-OVER FACTORS. 
Using the quantities in Table I it will be found that 
the moment at 0 is
Mo = C1M1 + C,M2 + CsM3 
Resolving this on to ox, oy and oz and recalling equation ( 10)
it may be seen that 
Cxx = ;_. (C,K1l12 + C2K2l22 + CaKsls2) . . . . ...... . . .. . (20) 
"" 
I 
Cxy = K (C,K1Z,m1 + C2K2l2m2 + CaK.Zsma) . .. . . . . . . (21) ix 
......... (22) 
Similarly 
K-
- (C1K1m12 + C2K2m22 + CaKam.2) • . . . . . . . .  (23)
iy 
I 
K (C,K,m,n1 + C2K2m2112 + CaKama11a) . .. . .. . . . (24)iy 
......... (25) 
;_. (C1K11112 + C2K,1122 + CaK311.2) . .. . . . . . . .. . (26) 
iz 
I 
C,y K. (C1K1m,111 + C2K2m2112 + CaKama11a) . .. . . . . . . (28) iz 
Equations (II) to (28) are used to calculate the operators 
for the general case of moment distribution. By sub­
stituting particular values in these formulae all the well­
known results for plane frames can be obtained. 
THE STRESS ANALOGY. 
The results (II) te (19) have direct analogies in the 
equations for the stresses on an inclined plane due to the 
principal stresses Pu P 2 and P 3 ( 6>. Table II serves to
show the relationships for the plane (/1 !2 !3). 
TABLE II 
Stress 
Principal stresses P ,P 2P a along 
ox', oy', oz' 
Inclined plane (l 1l 2la) 
Components of Stress on (l112la) 
are P,l" P2l2, Pala. 
Direct Stress on (/1/213) 
= Pn = P1Z12 + P2Z22 + Pal02 
Shear on (/ 1l21 a) in direction oy 
= P,l1m1 + P2l2m2 + Palama 
Shear on (/1l2la) in direction oz 
P1l1111 + P2l2112 + Pal311a 
Stiffness 
Princip
,
al St!ffne�s K1K2Ka along ox, oy, oz 
Inclined Plane (/11213) 
Components of Stiffness on 
(l1l2la) are K1l" K2l., K3la. 
Stiffness on (l1l2la) 
= Kix = K,112 + K2Z22 +Kala" 
Jx,, . K;x = K1l,m1 + K2l2m2 
- +Kalama 
J xz·Kix = K1l1111 + K2l2112 
+ Kola11a. 
Similar tables can be compiled for the planes (m1m2m3) 
and (n1n2n3). 
By utilising the concept of the ellipsoid of stress a 
graphical representation of equations (II) to (19) is obtained. 
By drawing a similar analogy for carry-over factors it will 
be seen that the principal factors are C1K1, C2K2 and
C3K3• Therefore the application of a moment Kix at A
(Fig. 4) brings into existence two ellipsoids, one at each end 
(6) "Applied Elasticity "-J. Prescott, Longmans Green and Co., London, I 924, Chap. I. 
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of the member, whose major axes are related by the simple 
carry-over factors C1' C2 and C3•
APPLICATION OF FORMULAE. 
By permitting displacements in only one reference 
plane at a time, the problem has been reduced to three 
plane systems, inter-related by carry-over factors and 
joint adjustments. The fixed orthogonal co-ordinate planes 
have been retained throughout this discussion as they 
provide a firm and well-established foundation on which 
to build an analysis. It will be found, however, that cer­
tain cases can be solved more readily by using variable 
co-ordinates, and two such cases are presented in Appendices 
I and II. 
The solution of particular cases generally follows 
a definite routine consisting of the following steps :-
(r) If the joints are considered to be fixed against rotation by
three Rets of constraints, x, y, and z, in the three co-ordinate 
planes yz, zx and :X:Y respectively, the external forces can 
be correctly balanced. 
(2) The constraints x are removed and all operations with
stiffnesses, carry-over factors, and joint adjustments, are 
performed for the plane yz. The other two planes are treated
similarly. 
,r 
I 
,rou 
I I 
I 
Fig. 5. 
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(3) The total of the carry-over moments and joint adjustments 
in each plane, at each joint, resulting after one cycle of dis­
tribution, is then distributed by a repetition of the fore­
going procedure. 
(4) After a few successive cycles of work the residual moments 
are so small that the procedure can be stopped. 
(5) The final moments in each plane at each end of every mem­
ber, are calculated by adding all moments from the suc­
cessive operations. 
(6) The external forces equivalent to these final moments are 
found and they will not generally be the same as the original 
forces. The difference is distributed and the procedure 
(r) to (6) is repeated. 
Many opportunities of reducing labour present them­
selves but are not discussed here. Special attention, 
however, is drawn to the method of tabulation adopted 
for the co-efficients and distribution in Table IV and Table 
V respectively. For complicated problems, in both plane 
and space frames, this method has been found very satis­
factory. 
A SAMPLE SOLUTION. 
Tables IV and V present the complete solution for
moments in t�e structure of Fig. 5 which represents the
cylindrical frame supporting a water tank. A load of 
rn,ooo lb. due to wind pressure is actirig at the top. The
structure is built of reinforced concrete and all members 
are of uniform circular cross-section throughout their length. 
The ring bracing lies in a horizontal plane, so each brace 
may be regarded as the special case of OA (Fig. 4), defined
by Oa, the projection of OA on zox. Since this condition
is of frequent occurrence, the particular formulae are given. 
They are obtained by substituting the quantities from Table 
III in equations (u) to (28).
TABLE III 
Quantity ox' 
Stiffness KF 
Direction Cosines 
Carry-over Factors 
cos IJ, o, - sin IJ 
! 
Ki:e 
Kiv 
K;. 
Jxy 
Jxz 
= KF cos2 1J + KT sin2 IJ 
= K2 
= KF sin' IJ + KT cos2 II 
= Jy, � Jyrr; = Jzy = 0 
(KT - KF) sin () cos () 
K;,, 
(KT - KF) sin () cos () 
K;z 
C,,y Cyx = c'YZ = Czy = 0 
oy' oz' 
Kz KT 
o, r, o sin IJ, o, cos IJ 
! - I 
. . . . . . . . . . . . . . . . . .. . . . . . . . .  (29) 
........................... (30) 
........................... (31 ) 
........................... (32) 
Cxx ;, (!KF cos• () - KT sin2 B) ... .... ... ... ..... (33)ix 
Cxz - ;, (!KF + KT) sin IJ cos () .................. (34)ix 
c., ;i
z aKF sin' () - KT COS2 ()) .................. (35) 
Czx - ;, (!KF + KT) sin () cos () ... ............... (36) iz 
Equations (29) to (36) were used to fill in Table IV. 
Since the members are uniform, relative stiffnesses can be 
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used in place of actual stiffnesses. The results in Tables 
IV and V are based on unit length and stiffness of the top 
floor columns ; hence the solution obtained is applicable 
to all similar cases where relative story heights and relative 
stiffnesses are the same as those used here. 
To avoid the extensive work involved by using shear 
distribution, an algebraic device has been used in this 
example. The first floor is displaced in the direction of 
the external force and fixed end moments of value 1,000 
appear at the ends of the lower columns. No relative 
displacement has been permitted between the upper floors. 
After the distribution is carried out, the external horizontal 
forces at the floor levels, required to maintain this con­
figuration, are calculated from the final moments. A second 
configuration is assumed in which displacement has occurred 
between the upper floors only, and, as before, the external 
forces required to maintain this condition are found. 
By superposing these two sets of moments in the 
correct proportions, a set can be found which balances 
TABLE IV. 
Jo1NT & Kix cxx cxz '-1xz czz czx Jzx 
Ktz SPAN RELATIVE 
MEMBER. r.Kix r.K;z RATIO KF KT 
a 
; Fixed 
Ends 
g ga 0·32 0·5 0·5 0·256 1·3 0·77 gh 0·133 -0·/ 0· 75 1 0·808 0·396 0·389 0·411 0·206 0·77 0·171 
gn 0·414 0·5 0·5 0·332 l·O l·O 
gm 0·133 -O·f -0·751 -0·808 0·396 -0·389 -0·417 0·206 0·77 0· 111 
h hb 0·269 0·5 0·5 0· 300 1·3 0·77 
hj 0·269 0·5 -/·O 0·068 0 ·71 0·111 
ho 0·35 0·5 0· 5 0·39 l·O /•O 
hg 0·112 -0·/ 0· 751 0·806 0·396 0·389 0·411 0·242 0·71 0· 111 
j Jc 0·269 0·5 0·5 0·300 1·3 0· 71 jk 0·112 -0·1 0·751 -0·808 0·396 -0 ·389 -0·4 1 1 0·242 0·77 0 ·171 
jp 0·35 0·5 0·5 0·39 l·O l·O 
Jh 0·269 0·5 -1·0 0·068 0·77 0·/7/ 
k kd 0·32 0·5 0·5 0·256 1·3 0 · 71 
kl 0·133 -0·/ 0·751 0·808 0·396 0·389 0·417 0·206 0· 77 0·171 
kq, 0·414 0·5 0·5 0· 332 l·O /·0 
kj 0·133 -O·I -0-751 -0-808 0·396 -0·389 -0-417 0 ·206 0·71 0·/7/ 
l le 0·269 0·5 0· 5 0·300 1·3 0 · 77 lm 0·269 0·5 -1·0 0·068 0·77 0·111 
lr 0·35 0·5 0·5 0· 39 l·O /·O 
lk 0·112 -0-1 0 · 751 0·808 0·396 0·389 0·417 0·242 0·77 0·171 
m mf 0 ·269 0·5 ·o·5 0· 300 /·3 0 ·77 
mg 0·112 -O·I -0·751 ·0·808 0·396 -0·389 -0·417 0·242 0· 17 0 ·171 
ms 0·35 0·5 0·5 0 · 39 l ·O l·O 
m'l 0·269 0·5 -/·D 0·068 0·77 0·1 71 
n 
lf'lxed Ends to 5 
external forces of zero at the first floor and 10,000 at the 
top-or, for that matter, any other pair of forces at these 
levels. If A and B are the multipliers to be applied to the
first and second systems respectively, then, for the case in 
hand, 
8,780 B - 3,220 A = rn,ooo, top floor equation 
and - rn,700 B + rn,540 A = o, first floor equation. 
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In this case, system (2) is balanced by forces of 8,780 
at the top floor, and - ro, 700 at the first floor ; system( I) 
exists under the external forces of - 3,220 at the top and 
10,540 at the first floor. The values of A and B from these
equations are the proportions in which the two sets of 
moments must be combined to give the required external 
forces. 
TABLE V. 
Jo/NT & IJzx1 ./zxz Jzx3 TorALS Fina{ MEMB�R F.£.M. Dx1. Cxx1 Czx1 °xz Cxxz Czxz DX3 CXX3 Czx3 DX4 (I) (2) Mom. Cxz1 Jxz1 DZ/ 
Fii?al 
Czzt Cxzz {zz Dzz Czzz Cxz3 {z3 DZ3 Tor.AL Mom. 
a ag /OOO b bh /OOO 
C cj !OOO 
d dk /OOO 
-160 
-134·5 
-134·5 
-160 
-9·3 
13·1 
0·8 
-1·7 
831·5 -168·5 1225 
877·5 -122·5 1392 
877·5 -122·5 1392 
831·5 -168·5 1225 
-28· 6  
-2·4 26·2 96 
-26 ·2 -.96 
e el 1000 -134·5 13·7 -t·7 877·5 -122-s 13 9z 28·6 -2·4 26·2 96 
f fm 1000 -/'34·5 t3·7 -1·7 877·5 -1z2·s 1392 -28·6 2-4 -26·2 -96 
ga /OOO -320 -/8·6 1·7 - O·Z 662·9 -337'1 608 
gh -133 lf·Z 1 1· 9 -7·7 -/·/ -l·S 0·7 O·I 0· 2 -O·I -113·4 -113·4 -415 -84·2 -107·4 18·3 8·5 -6·3 -1·5 -1-1 0·6 -173·1 -634 
gn (1000) -4 14- -24·/ 2·2 -O·Z -436·/ 563·9 221 
gm -1 33 11·2 17·9 -7·1 -I·/ -1·5 0·7 O·I O·Z -0· 1 -113·4 -113·4 -415 84·2 101·4 -18·3 -8·5 6·3 1·5 !·! -O·G 173·( 634 
h hb /OOO -269 Z7·4 -3·5 754·9 -245·1 945 57· 2 -4·8 O·S 5z.·9 194-hj -269 -134·5 Z7·4 13·7 -3· 5 -1 ·7 367·6-367·6-1343 12·1 12·1 -/·I -/./ O·/ P3·3 86 
ho (1000) -350 35·7 -4·5 -JIB·B 681 · 2 651 U·J -6·3 0-1 68·6 252 /,g -112 13·3 19·2 11·4 0·8 -1·6 -1·4 -0·1 I· 7 -68·7 -68·7 -252 -100 -90·5 46·1 -5·8 9·2 -3·9 0·5 -N 0· 4- -145·1 -531 
j jc 1000 -269 27·4 -3 ·5 754 · • -245·1 945 -57·2 4·8 -o·5 -52·9 -194 
jk -112 13·3 19·2 11·4 0·8 -1·6 -1·4 -O·I I· 7 -68·7 -68·7 -25Z 100 90·5 -46·1 5·8 -!J·2 3·9 -"·5 l·f -0 · 4 145·/ 531 
}/:! (!OOO) -350 35·7 -4 ·5 -3/8·8 681 ·2 651 -74·3 6 · 3 -0 · 7 -68·6 -252 jh -269 -114·5 ?7·4 13·1 -3.5 -/·7 -367·6 ·367·6 -/343 -/2·7 -/2·7 f·/ /·I ·O · I -23·3 -86 
k kd /000 -320 -18·6 1 ·7 -0·2 662·9 -337-1 608 kl -133 11·2 17·9 - 7·7 -H -/·5 0 ·7 O·I 0 ·2 -O·I -!13·4 -113·4 -415 -84·2 -101·4 18·3 8·5 -6·3 -1·5 -/·/ 0·6 -173·/ -634 
kq (!OOO) -414 -24·1 2·2 -0·2 -436·! 563·9 22! 
kj -133 11·2 17· 9 -7·1 -J./ -1·5 0·7 O· / 0·2 -o·I -113·4 -113·4 -4 15 84·2 107·4 -18·3 -8·5 6 · 3 1-5 f./ -0·6 173·1 634 
le 1000 -269 21·4 -3 · 5 1s4.9 -245.1 9 4s 51.z -4·8 o·5 52.g 194 
Zm -269 -1 34 ·5 l7·4 13· 7  -3·5 -1·7 ·367·6 -367· 6 - 1343 12·7 12· 7 - f · I -/./ O·I 23·3 86 
lr (1000) -350 35·7 - 4·5 -318·8 681·2 651 74·3 -6·3 0 ·1 68·6 252 
lk -112 13·3 19·2 11·4 0 ·8 -l·E -1 · 4  - O· I 1 · 7 -68·7 -68 · 7 -252 -100 -30·5 46·1 -5·8 9·2 -3·.9 0 ·5 -1·1 0·4 -145·/ -531 
m mf 1000 -269 27·4 -3·5 754·9 -245·1 945 -57·2 4·8 -0·5 -52·9 -194 
n 
0 
p 'l 
r 
s 
mq -112. 13·3 19·2 // · 4- 0 ·8 -1·6 -1·4 -68·7 -68·7 -252 JOO 90·5 -46·! 5·8 -9·2 .3·9 -0·5 1 -1 -0·4 145-f 531 
ms 
ml 
(1000) -350 
-269 -134·5 
ng (1000) -20 1 
oh (1000) -11s 
�JK. (!OOO) -175 
� (1000) -20 7 
rl 
sm 
/OOO) 
(1000) 
-175 
- 175 
-12 
17·8 
17·8 
A· 1·84 
-4.5 
-3·5 - 1·7 
I· / 
-2·2 
-2 · 2 
I·/ 
-2·2 
-2·2 
8 - 1-1316 
-318·8 681·2 65! -74·3 6·3 - 0 · 1 -68·6 -?52 
-367· 6 -367·6 -1343 -12· 7 -12·1 /·I 1-1 -0·1 -23<3 -86 
-217·.9 782·1 1019 
-159 · 4 840•6 1234 37·2 -3·1 34 124 
-159 ·4 840·6 12 14 -37.2 3·1 -3 4  -124 
-217·9 782·1 /0 19 
-159·4840·6 1234 37·2 -3·1 34 124 
-159·4 840·6 1234 -37·2 3·/ -.J.<J -124 
x x x 
1-84+1·8t6 A+B • 3·66 
Both sets of moments, and the final values, are given 
in Table V. It so happens that the two distributions 
coincide except in the fixed end moments column-the 
fixed end moments for the second configuration are en­
closed in brackets. During the distribution procedure 
Table IV is used in conjunction with Table V. The 
structure is taken joint by joint and member by member. 
The operators are taken from Table IV and the result of 
each operation is entered in Table V without danger of con­
fusion. Carry-over moments are written at the other 
end of a member ; e.g. a moment at ga would carry-over to
ag in one of the co-ordinate planes. All columns are
lettered and numbered to indicate their origin e.g. Dxi 
means " first distribution of Mx - moments." 
The time required to complete the solution and check 
the results was about four hours. If, however, Fig. 5 is
divided up by planes, parallel to yoz and xoy and con­
taining the axis of the frame, four similar segments are 
formed. It is necessary to work out only one of these 
units and the result can be obtained in about one hour. 
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When such short cuts are adopted the conception of modified 
stiffnesses must be introduced<5l in the manner indicated 
in the Appendices I and II.
CHECKING RESULTS. 
The necessary and sufficient conditions for a solution 
are these: 
(1) Internal and external forces must satisfy the laws of Statics 
.EV = .EH = .EM = o 
(2) The deflections of the columns at the floor levels must be 
consistent. 
(3) The integration of the slope around any closed circuit 
must be zero. 
These checks have been applied to 
example and were satisfactorily fulfilled. 
it should be remembered that torsional 
must be included in the integration. 
the preceding 
In using (3) 
slope changes 
The method of solution of a structure generally pro­
vides its own verification, and if the assumptions on which 
it is based are sound, no further investigations are necessary. 
However, it is not always evident that the fundamental 
hypotheses contain no errors sufficiently important to 
invalidate the results obtained from the analysis. For 
instance, in calculating the stiffnesses of members it is 
doubtful whether it is better to take the clear spans of the 
members, or the centre-line distances. 
Furthermore, there may be a few who doubt the 
correctness of the results of complicated analyses, because 
they believe that a high degree of redundancy indicates 
a high degree of indeterminateness in the action of the 
structure. This is quite wrong, as there is no uncertainty 
in the action of the frame, and, provided that the primary 
assumptions are reasonably close, no indefiniteness in the 
analysis exists whether arithmetical labour be great or small. 
Fig. 6. 
An investigation was made on the model tower shown 
in Fig. 2. All members were of t in. round bright steel
and the top and bottom plates were t in. and ! in. rolled
plates respectively. The joints were made with silver 
solder and the thickness of solder was in no case more than 
0.02 in. The braces were butt soldered on to the columns 
which in turn were sweated into holes in the plates. The 
modulus of the steel in bending was 29.6 X I06 lb. per sq. in.
(5) loc. cit. 
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A complete analysis was made for the bending moments 
in the model under a central load, and from the results the 
expected deflections at the three floor levels were calculated. 
The actual deflections in the model were measured and then 
compared with the theoretical values. A dial gauge reading 
to 0.001 in. was used in measuring the deflections. Figure 6 
shows the model under test and Tables VI, VII and VIII 
give the results of the experiment. 
Before the braces were fixed in position, a deflection 
test was carried out to find the amount of variation of the 
end fixings from the ideal condition assumed in the analysis. 
An effective modulus of elasticity of 28.7 x 106 lb. per
sq. in. was measured. Further investigation indicated that 
the fault lay in the top plate joints and the amount of cor­
rection to be deducted from the actual deflections at the 
top, was calculated. There is no doubt that a slight error 
due to the same cause exists in the first and second floor 
deflections but no attempt has been made to correct these. 
Tables VI, VII and VIII show also the theoretical 
deflections calculated using the clear spans. These values 
are about 10 % less than the ideal values and the experimental
values are approximately midway between them. 
The scale of the model was chosen to closely reproduce 
the proportion of an actual structure. Better results would 
be obtained by making all members of small diameter re­
lative to their span but the ratios of joint dimensions to 
span would then be much too small for practical structures. 
The results obtained from this " unscientific " model are 
very encouragmg. 
TABLE VI 
DEFLECTION AT Top FLOOR LEVEL. 
Theoretical 
Deflection 
Theoretical Actual Corrected for clear 
Load Deflection Deflection Deflection spans 
lb. in. x 10-3 in. x 10-3 in. x ro-0 in. x 10-3 ---- -
0 0 0 0 0 
IO 5.56 5.35 5.1 4.96 
20 I I.I II. I I0.6 9.9 
30 16.7 16.2 15.5 14.9 
40 22.3 2!.8 20.8 19.9 
50 27.8 27.7 26.5 24.8 
60 33.4 33.0 31.5 29.8 
70 38.9 38 5 36.8 34.8 
TABLE VII 
DEFLECTION AT SECOND FLOOR LEVEL. 
I Theoretical Load Theoretical Actual Deflection 
Deflection Deflection for clear spans 
0 0 0 0 
IO 4.08 3.7 3.6 
20 8.16 7.3 7.3 
30 r2.3 II.2 II.0 
40 16.4 15.4 14.6 
50 20.4 19.1 18.2 
60 24.5 23.0 2!.9 
70 28.6 26.6 25.6 
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TABLE VIII 
DEFLECTION AT FIRST FLOOR LEVEL. 
Theoretical 
Load Theoretical Actual Deflection 
Deflection Deflection for clear spans 
0 0 0 0 
IO 1.72 1.9 1.54 
20 3.44 3.5 3.07 
30 5.17 5.2 4.62 
40 6.9 7.1 6.16 
50 8.6 8.8 7.8 
60 10.3 10.3 9.2 
70 12.I 11.8 I0.8 
MAXIMUM STRESSES IN A Two-STORY FRAME. 
A study was made to determine the stiffening effect 
of the braces in the tower of Fig. 5. Four cases were
worked out completely, for a horizontal load acting across 
0·02 0·2 
�o __ _._o'--·"""2----'.:co·..:.4-__ ;;;o_,·6'--k -"o=-·-=8- ---'c:...' -=o--.i:.'-=·Z'-----'''4-
Fig. 7. 
the corners, and for the load acting across the flats. In 
each case a different value of k, the ratio of the flexural 
stiffness of the brace to the flexural stiffness of the top-floor 
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column, was used. The members were assumed to be 
round and uniform throughout their length. The results 
of this study are shown in Fig. 7. 
The co-efficients from Fig. 7, when multiplied by the
length of the top floor column and the amount of the hori­
zontal force give the maximum effects in the frame. 
Example:-
Horizontal Force 10,000 lb. 
k = I.0 
Top floor column = 30 ft. 
Maximum Bending Moment in Column 
Maximum Bending Moment in Brace 
Maximum Torsion in Brace 
0.140 x 30 x 10,000 
42 x 103 ft. lb . 
0.1445 x 30 x 10,000 
43.4 x 103 ft. lb.
0.0110 X 30 X 10.000 
33 x 102 ft. lb . 
The maximum effects for the braces occur in the same 
member, with the load acting across the corners; the 
maximum column moment occurs with the loading across the 
flats. However, the maximum column moments for the 
two cases do not differ by more than two per cent. 
CONCLUSION. 
It is impracticable to discuss in this paper all the 
avenues explored during its preparation. Suffice it to 
say that the formulae given, can be used in any case to 
examine the stresses due to oblique members. Associated 
with the distribution procedure they permit a rational 
treatment of complex frames and enable a designer to make 
intelligent approximations. 
Algebraic methods are cumbersome for even the 
simplest space structures. Formulae in three dimensions, 
equivalent to the slope-deflection equations for plane 
frames, can be derived from equations (9). However, 
a brief examination of their characteristics has convinced 
the author that it is best, for the present at least, to let such
sleeping dogs lie. 
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APPENDIX I 
Cylindrical Frame Load by Radial Moments all Equal. Fig. 8.­
This condition occurs when the braces are uniformly loaded, or when 
the floor resting on the columns carries uniform loading. 
From symmetry it is clear that no torsion can exist in the braces, 
and that the bending moments at the two ends of the braces are equal 
and opposite. Utilising the idea of modified stiffnesses,(5) there 
can be substituted Kr 
(5) Joe. cit. 
KF o, and - for KF in equation (29)2 
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with the result that 
K· = KF cos ' () . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (37)i x  2 
If a radial and tangential system of co-ordinates is adopted
K; .,  of equation (37) becomes the radial stiffness. The tangential
moments are zero. 
- --- - --- - --- ----
----- --- ---- - --- -
(0). 
Fig. 8. 
The two braces at each joint are therefore equivalent to a radial 
member, fixed at the axis of the frame and of stiffness 
Kr = KF cos 2 () . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (38) 
where () = t (included angle) . 
It is sufficient to analyse a plane frame consisting of one column 
with fixed end braces of stiffness Kr as shown in Fig. 8 (a) . 
APPENDIX II 
Pure Torsion of a Cylindrical Frame.-By inspection it will be 
seen that a point of contrafiexure occurs at the mid-lengths of the 
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braces, and that the moments at the two ends of a brace are equal. 
Furthermore, no radial moments can exist. 
Since therefore �KF may be substituted for KF and 2KT for 2 
KT in equation (30) so 
Kiz = 2KT cos 2 1J + �KF sin2 IJ 2 . . . . . . . . . . . . . . . . . . . . . . . .  (39) 
Two braces occur at the joint and these are equivalent to one brace 
in a tangential plane with a stiffness 
Kc = 4KT cos 2 IJ + 3KF sin2 IJ • . . . . . . . . . . . . . . • . . . • • . . . (40) 
As in Appendix I the problem reduces to one plane. 
